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Reflections
Let v € R”, and fix the standard inner product (, ) on R". The reflection

across the hyperplane H, of v is the linear operator s, on R”, defined by

s (w)=w 2((“//’V\/V))v,

w € R".

Example

Root systems
A root system in R" is a subset 2 of vectors called roots, satisfying:

e 2 is finite, nonempty, and does not contain O.

o If « € X, then the only multiples of o in X are *a.
o s,(X) =X forevery a € L.
o If a, 8 € X, then s,(3) — B = na for some n € 7Z.

We call n the rank of the root system. There is always a basis for R" in X,
such that all roots are linear combinations of basis elements with
coefficients all positive or all negative. Such a basis is a simple system
A ={ai,...,a,} for L. The Weyl group W of ¥ is the group
generated by the reflections s,, where o € 2. Each root system has a
Dynkin type, oneof A, B,C,D,E F,G.
Example
We illustrate the four root systems of rank 2, together with choice of
simple system.
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Figure: B, on the left and G, on the right.

Linear algebraic groups

A closed subgroup of GL,(C) is called a linear algebraic group. Every
root system gives rise to a family of (semisimple, connected) linear
algebraic groups. (In general, a semisimple, connected linear algebraic
group corresponds to a root datum, which will not be discussed here.)
Two notable types of groups in this family are the simply-connected and
adjoint groups.

Example
Below we list the simply-connected and adjoint groups for classical types:
Root system G G
A, SL(n+1,C) PGL(n+1,C)
B, Spin(2n + 1, C) SO(2n + 1, C)
C, Sp(2n, C) PSp(2n, C)
D, Spin(2n,C) | PGO(2n, C)

Formal group law
A formal group law over a commutative unital ring R is a formal power

series F(u,v) = Zi,jzo a; ju'v € R[u, v], satisfying:
1. F(O,v) =v; 2. F(u,v) = F(v,u); 3. F(F(u,v),w) = F(u, F(v,w)).
Example

o The additive formal group law is F(u,v) = u+ v.

o The multiplicative (periodic) formal group law is
F(u,v) = u+ v — Buv, where 3 is invertible in R.

o The universal formal group law is F(u,v) =} ;. a; ju'v/, defined over
the Lazard ring I, which is the quotient of the free ring generated by
the a;; subject only to the relations imposed by the axioms of the
formal group law.

Oriented cohomology rings

A oriented cohomology theory h* is a ‘functorial’ map

h*: {smooth complex algebraic varieties} — {graded commutative rings} ,

that satisfies various ‘cohomological’ axioms.
To every oriented cohomology theory, one can associate a formal group law.

Example
Below are the formal group law associated with some cohomology theories.

Formal group law

Additive over R = Z
Multiplicative over R = Z[3, 57!]

Universal over Lazard ring

Oriented cohomology theory
Chow rings CH"
K-theory K
Cobordism €2*

New results
Let h* be an oriented cohomology theory, whose formal group law is

Flu,v) =2, a; ju'v/ over the ring R = h*(pt) (where pt is a point).
Minimal presentations for the cobordism rings for the simple rank 1 and 2
groups are listed in the table below:

Rank & A G W(G) | K%G) [CH*(G)
3 R{x R(x R(x

1 A Ay PGLK) o M B
A SL(2,) R R R

2 A Ny PGL(3 k) ‘(3/1[;]3) (36[;]3) (36[;]3)
A SL(3,4) R R R
3 R|x R|x R|x

2 BQ /\Bcl 50 (57 k) (2x—311>£2 ,]2x2,x4) (2x—£<2],x3) (2x[,x]4)
AS  Spin(5.k) R R R

2 GNG =N, G ) R owy
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