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The connective motivic Segre classes Multiplying the connective Segre classes Multi-parameter quantum group

Consider the following Z[ﬁ][qﬂ]—linear operators on Z[ﬁ][eiyl, .., e gt ] We will use the notation )ﬁt to mean the sum over the fugacities of all possible puzzles The multi-parameter quantum group U,(a,) is the associative unital algebra over
B(1—q?) Bl—q¢*)+q¥1— e y,+1) with the prescribed boundary labels. The length /()\) of an element A € I is the minimal K = Q(gqi ;) generated by elements E;, F;, K,-(l), (K,-(l))_l, K,-(z), (K,-(Q))_l, where
0; = 1 _ eVinv 1 — eVi—vin fi; number of simple transpositions needed to turn A into 07919, 1 =0,1,...,n, subject to the relations:

which satisfy:

@ 0,00 =000 foralli,j=1,...,n—1such that |/ — j| > 1.
9 0,-00,-+1oc9,-:8,-+10(9,-08,-+1 for all i:].,...,n—2.

Q@ (0:+¢°)o(0:i+(¢°8—q*—B))=0foralli=1,...,n—1 (@S (g""Ws,) = S:)/,,\% (g'®

Let [ be the set of 01 sequences with k 1s and n — k Os. Consider the ring

THEOREM
The product of two classes /M) S, and q/(“)SM Is given by the “puzzle” formula

R -— 69 Frac(Z[B][e™, ..., e, ). The structure coefficients positive, and are sums of products of these factors: [ i Fjl = 65 Icf'_'l (K,-(l) - (Ki(z))_l),
g EE Yi—Yi B(1—q?) o L& E2E — (; 1+ i EEE —+ ﬂEEQ = O . .,
) q Q(5) € B(1-q?)+q*(1—-€"7) B(1—-q?)+q*(1—€7) Gl +41) 7

6 6 6 6 6 60
=
:rT

BF2F — q;i(1+ qi;)FiF;Fi + FF2 =0, i#].

qi !

The group S, acts on R by w - (£,)) := (w(fy))w), w € Sp. Set w :=11---100---0.
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1 e)/, Yj - L ]
Sl = < Ui ey aa-omy A= THEOREM
0, otherwise. | o | R
The other Sy are defined by the rule S, 1) = dw(S.). At 4 — 1, the Sy are the motivic Example The matrix of puzzle fugacities is an R-matrix for Uy(az): R(z) = (fug (@))

Segre classes of Schubert cells. At 5 — 0, the S, are the SSM classes of Schubert cells. Let us compute the classes q - Sip and Sp; for T*(Cr(1,2)). The classes are

—e)2~ 1—q? ' ' i _
qg-Sio=g- {07 5(1_q21)+qy22(1yiey2y1) ; Syy = (_5, )(q - Si0) = 75(1—q2§—(kq2(qlzey2yl) | Equivariant connective K-theory

Knutson-Tao puzzles Equivariant connective K-theory CK(—) is a generalized cohomology theory that
Define Q(8) == q° + 8 — q°8. For A € Z[y1, . .., ya], set , o(1_e2) B(1—?) interpolates between equivariant Chow rings (5 = 0) and equivariant K-theory (5 = 1).
yoi=B(1—¢°) +g*(L — ). (g-510)" = 5(1—q2)+q2(1—ey2—y1)(q'510); (- 510)501 = S01(q-510) = 5(1—q2)+q2(1—ey2—y1)(CI'510)? Let 7 = (C*)” be a torus, and X a smooth T-variety.

Let us now multiply classes together:

A puzzle with side labels A\, i1, v in [ is a triangle with side labels A, 1, v that is tiled by 531 = S01 + 5(1_q2ﬁ)q+(g2(_11—)eyzy1)(q - S10)- WORK IN PROGRESS (with Anubhav Nanavaty)

the following puzzle pieces with edge labels 0, 1, and 10. Each puzzle piece comes with a .
fl Ly, gl The puzzles give the same result:

function Z[y1, ..., y,] — Frac(Z|B][e™, ..., e™" g=]) called its fugacity:

1 — ez n) B(1 - g°) | @ There is a connective motivic Chern transformation

1 _ _ 2 2(1 — av2—y1)’
3 11 {1 e I e e
B(1—q%)
{} — 51 - q) K} — 51~ q) {} _ q(l -’ g} — ba(q” — 1) ﬁg% B(1 — q?) + q?(1 — e y1) ﬁ}g =1 o Consider the Grassmannian Gr(k, n) = Uer Xy, where X7 are the Schubert cells. The
0 YA 1 YA YA 10,10 YA ﬁq q _1) torus T acts on each Schubert cell X?. We have
2V 2V S
o Bl-@)e 1y Bl-@)e 1 aQB)1L—eY g@g =) i o) CMO(X?) = S,
YA YA 0 YA
{}O _ gQ(B)(1 — ) 1&}0 _ BR(B)(g* — 1)e 1&}0 _ Q(B) @ There is an Atiyah-Segal isomorphism between CK7(X) and a quotient of the
1 %\ qy) 10,10 R_matrix recursion T -equivariant algebraic cobordism ring of X, when X is equivariantly filtrable.
%9 — 1 Zlg — 1 %&O —1 1% — 1 @ —1 1%0 — — () The classes Sy := g‘VS, are characterized by the following properties:
q _
@ Triangularity: S)|, = 0 unless ¢ > X in the Bruhat order. FUTURE WORK |
=1 =1 =1 =1 =1 = — y es:
6% Klz 1&% ﬁO &% 1659[0 q @ Diagonal entries: a1 — en ) o Compute the product of two Sy classes using quantum multiplication in CK7(X?}).
: : : : §>\|)\ =
The bo.tto.m row of a puzzle is always tiled by th? triangle puzzle PR and the res.t of the i<11:,[>>\ Q(B,q) — q’en™ @ Study torus-equivariant connective K-rings of Nakajima quiver varieties. Are these
puzzle is tiled by (not rotated) rhombus puzzle pieces. The fugacity of a puzzle is the £yt Iaion. : Y AN Sy AUV S,
product of fugacities of the rhombi and triangles that tile it. A triangle tile has constant - iR i , : |
. . . . o B(1-¢0) & 4Q(8,q)(1—eiYi+1)
fugacity V\{hereas t-he fugauty ofa rhombus tile depends o s posttion In _the puzzle. A _ Q(/i’,q)—q%y,-y,-ﬂsA‘U T Q(B.q) - T SM‘U Ai < Aiy @ More generally, study torus-equivariant algebraic cobordism rings of Nakajima quiver
rhombus tile that lies in ’Fhe I-th southwest-to-northeast diagonal and the j-th | Sxlor = 4 il A= A varieties. What Hopf algebra will arise?
northwest-to-southeast diagonal depends on A = —(y; — y;). For example, the fugacity of H1-g?)( 1) & g(1—eiYi+1)
the e eallsw T qQ(p)(1—e271) Ba(q°—1) 1 | Q(B.q)—q2e"i Vit A‘O Q(B,9)—q2ei y/+15)\r’a Ai > Ajg . L _ _ .
puzzie below IS g~ oy 2 —en) * Bl—d) g (l—eB ") @ Can stable envelopes be defined for the equivariant connective K-rings of symplectic
This recursion is derived from the representation theory of the multiparameter quantum resolutions?

group of type a,.
@ Generalize the puzzle formula to 2, 3, and 4-step flag varieties, and separated descents.
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