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Category

A category, C, consists of
» A class of objects, denoted Ob(C)

> A class of morphisms between the objects of C. If X, Y € Ob(C), then
we denote the class of morphisms from X to Y by Home (X, Y)

» We can compose morphisms whenever it makes sense. Composition

of f and g is denoted f o g (if this makes sense).
Additionally, we impose the following relations:

» (associativity): whenever compositions of morphisms make sense,
we havefo(goh) = (fog)oh

» (identity) for any object x € C, there is a morphism 1, : x — x such
that for any morphism f: x — yand g:a — x in €, we have
lyog=gandfoly, =f.
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Example
The category Set is the category whose objects are sets and whose
morphisms are functions between sets. Composition of morphisms is

defined as the composition of functions.
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Example

The category k-Vect is the category whose objects are vector spaces
over a fixed field k and whose morphisms are linear transformations
between these vector spaces. Composition of morphisms is defined as
composition of linear transformations.
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Example

The category Ring is the category whose objects are rings and whose
morphisms are ring homomorphisms. Composition of morphisms is
defined as composition of ring homomorphisms.
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Example

The category k-Vect is the category whose objects are vector spaces
over a fixed field k and whose morphisms are linear transformations
between these vector spaces. Composition of morphisms is defined as
composition of linear transformations.

The category Ring is the category whose objects are rings and whose
morphisms are ring homomorphisms. Composition of morphisms is
defined as composition of ring homomorphisms.
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A strict monoidal category is a category C together with
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Strict k-Linear Monoidal Category

A strict monoidal category is a category C together with
> a bifunctor ® : € x € — C, and
> a unit object 1,
such that for all A, B,C € Ob(C),
» ARB)®C=A® (B®C), and
> I1RA=A=A®1

Definition
Let k be a commutative ring. A strict k-linear monoidal category is a
strict monoidal category such that

| A\

» each morphism space is a k-module, and

» composition of morphisms is k-linear.
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Strict Monoidal Categories

The category of sets, Set, is a monoidal category with the Cartesian
product as the bifunctor and any one-element set as the unit object.
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Strict Monoidal Categories

The category of sets, Set, is a monoidal category with the Cartesian
product as the bifunctor and any one-element set as the unit object.

The category of vector spaces over a fixed field k, k-Vect, is a monoidal
category with the usual tensor product, and the field k serving as the unit
object.

The category of endofunctors from a category C to itself is a strict
monoidal category with composition of functors as the tensor product,
and the identity functor as the unit object.
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String Diagrams 1

Let C be a strict monoidal category. We denote a morphism f: X — Y in C
by the diagram

Y

$f X =Y.

X
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String Diagrams 1

Let C be a strict monoidal category. We denote a morphism f: X — Y in C

by the diagram
Y
$f X =Y.
X

The identity on X is given by a morphism
X

T X=X
X

Additionally, we may write morphisms f: 1 - X®Yandg: X®Y — 1 as

k;j:1—>)<®y g

m XQY — 1.
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String Diagram 2

We compose morphisms vertically, and we tensor morphisms
horizontally. So, iff: X —Y,g:Y —Z,and h: A — B, we write

z z Yy B Y B
fiq = %of f%@%h - f{ {h
X X X A X A
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String Diagram 2

We compose morphisms vertically, and we tensor morphisms
horizontally. So, iff: X —Y,g:Y —Z,and h: A — B, we write

Z Z Y B Y B
f%z %of f%@ h = f{ {h
X X X A
Additionally, we may write a morphismf: X®Y - A® B as
A B
X
X Y
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Consider a strict k-linear monoidal category, S, defined as follows. The
objects of § are generated by a single object, Q. That is, the objects are
1,0,,0.04,...,where juxtaposition denotes tensor product.
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Consider a strict k-linear monoidal category, S, defined as follows. The
objects of § are generated by a single object, Q. That is, the objects are

1,0,,0.04,...,where juxtaposition denotes tensor product. The
morphisms are generated by

>< 10401 - 04,0,

and are subject to the relations

o] e KK

Ends (Q%") = kS,

where S, is the symmetric group on n letters.

Then
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The Heisenberg Category

Definition

The category H’ is the strict k-linear monoidal category defined as
follows. The objects are generated by objects O, and Q_, where we use
juxtaposition to denote tensor product. For example, Q- Q_ means

0+ ®0_.
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The Heisenberg Category

Definition

The category H’ is the strict k-linear monoidal category defined as
follows. The objects are generated by objects O, and Q_, where we use
juxtaposition to denote tensor product. For example, Q- Q_ means

Q+ ® Q_. The morphisms are generated by

X:i0:01 2040+, (_Ji1-0-04

(:0:0- -1 T Ji1—0,0, [ ):0.0;—1

We let
}idm, J:ido_

The morphisms above are subject to certain relations, provided in the
following slide.
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Heisenberg Category

The morphisms of H’ satisfy the following relations:

-l e KRR e
S IR P
0 () =ida. (8)
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Heisenberg Category

The morphisms of H’ satisfy the following relations:

-l e KRR e
S IR P
0 () =ida. (8)

In the above relations, we have used the left and right crossings defined
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Additive Envelope

Let C be a k-linear monoidal category.
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n
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i=1

n m
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Additive Envelope

Let C be a k-linear monoidal category.

The additive envelope of C is a category whose

n
> objects are formal finite direct sums @ X; of objects X; € C,
i=1

n m
f:Pxi— Py
i=1 j=1

are m x n matrices whose (j, i)—entry is a morphism

» morphisms

f,'J :X,' — Y]

Composition of morphisms is given by matrix multiplication.
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Isomorphism

Consider the morphism

X< ﬂr:o_m ~ 0,0 &1, (11)

We claim that

X< U}-([X m]r>_1:o+0@1+oo+ (12)
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Isomorphism

Consider the morphism

X< ﬂr:o_m ~ 0,0 &1, (11)

[>< U}‘([X m]T>_IIQ+O@1—>QQ+ (12)

Composing matrices in one direction gives the following relation, which
must hold in H’:

IR
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Isomorphism

Consider the morphism

X< ﬂr:o_m ~ 0,0 &1, (11)

[>< U}‘([X m]T>_IIQ+O@1—>QQ+ (12)

Composing matrices in one direction gives the following relation, which
must hold in H’:

IR

The relation (13) follows from the definition of H{’.
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Isomorphism

Composing in the other direction, we must have also have

W J: ZZ (14) Ej 0, (15
Q 0,  (16) (=idr,  an
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Isomorphism

Composing in the other direction, we must have also have

W J: ZZ (14) Ej 0, (15
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Isomorphism

Composing in the other direction, we must have also have

W J: ZZ (14) Ej 0, (15
Q 0,  (16) (=idr,  an

The relations (14) and (17) follow from the definition of /. The relation
(15) follows from the calculation

A

The relation (16) follows from a similar calculation.
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The Heisenberg Algebra

The one-variable Heisenberg algebra is the associative unital C-algebra
with generators p and g subject to the canonical commutation relation:

pPq=qp+1.
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The Heisenberg Algebra

The one-variable Heisenberg algebra is the associative unital C-algebra
with generators p and g subject to the canonical commutation relation:

pPq=qp+1.

Recall the isomorphism in the additive envelope of H':
0_Qr=0,0_61.

It is conjectured that the "additive Karoubi envelope" of H’ categorifies
the Heisenberg algebra.
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