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Reflection Group - Definition and Example

Let V be a vector space. Let t, a be vectors in V. We call s, a reflection
if

Raj Gandhi (University of Ottawa) Twisted Formal Group Algebras August 16, 2017 2 /20



Reflection Group - Definition and Example

Definition

Let V be a vector space. Let t, a be vectors in V. We call s, a reflection
if

A group that is generated by reflections is called a Reflection Group.

Raj Gandhi (University of Ottawa) Twisted Formal Group Algebras August 16, 2017 2 /20



Reflection Group - Definition and Example

Definition
Let V be a vector space. Let t, a be vectors in V. We call s, a reflection
if

sa(t) =1t — 2((t’a) !

a,a)
Definition
A group that is generated by reflections is called a Reflection Group.

Definition
Let V be a vector space. A Root System, X, of V is a set of vectors of
V such that for all a € %:
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if

sa(t)=t—2 (ta)

(o)
Definition
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Definition
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Positive, Negative, and Simple Systems

Let V' be an vector space. Let ¥ = {a1,...,an} be a Root System of V.

v
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Positive, Negative, and Simple Systems

Let V be an vector space. Let ¥ = {a;,

..,an} be a Root System of V.
LetA:{,Bl,...,,Bk}, k < n.

v
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Positive, Negative, and Simple Systems

Definition

Let V' be an vector space. Let ¥ = {a1,...,an} be a Root System of V.

Let A ={B1,...,B«}, k < n. Ais a Simple System of ¢ if it is a vector
space basis of V' and for all oj € &

K
aj =) afi
i=1

where, for each j, a; > 0 or a; < 0 for all /.

v
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Positive, Negative, and Simple Systems

Definition

Let V' be an vector space. Let ¥ = {a1,...,an} be a Root System of V.
Let A ={B1,...,B«}, k < n. Ais a Simple System of ¢ if it is a vector
space basis of V' and for all oj € &

k
aj =) afi
i=1
where, for each j, a; > 0 or a; < 0 for all /.

Those a; for which all a; > 0 are called Positive Roots. The set of these
roots is called a Positive System.

v
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Positive, Negative, and Simple Systems

Definition

Let V' be an vector space. Let ¥ = {a1,...,an} be a Root System of V.
Let A ={B1,...,B«}, k < n. Ais a Simple System of ¢ if it is a vector
space basis of V' and for all oj € &

k
aj =) afi
i=1
where, for each j, a; > 0 or a; < 0 for all /.

Those a; for which all a; > 0 are called Positive Roots. The set of these
roots is called a Positive System. Those a; for which all a; < 0 are called
Negative Roots. The set of these roots is called a Negative System.
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Positive, Negative, and Simple Systems

Definition
Let V' be an vector space. Let ¥ = {a1,...,an} be a Root System of V.

Let A ={B1,...,B«}, k < n. Ais a Simple System of ¢ if it is a vector
space basis of V' and for all oj € &

k
aj =) afi
i=1
where, for each j, a; > 0 or a; < 0 for all /.
Those a; for which all a; > 0 are called Positive Roots. The set of these
roots is called a Positive System. Those a; for which all a; < 0 are called

Negative Roots. The set of these roots is called a Negative System.

The reflections associated with simple roots are called Simple Reflections.

v
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Cox roup

Let > be a root system in V/, and let A be a simple system of ¥.
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Coxeter Group

Let > be a root system in V/, and let A be a simple system of ¥. Let W
be the reflection group associated to 2.
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Coxeter Group

Let > be a root system in V/, and let A be a simple system of ¥. Let W

be the reflection group associated to 2. Then W is generated by simple
reflections in the following way:

W = (sa, 58, @, B € Al(sas8)"f =1)

where m,, g is the order of s,s3 in W.
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Coxeter Group

Let > be a root system in V/, and let A be a simple system of ¥. Let W
be the reflection group associated to 2. Then W is generated by simple
reflections in the following way:

W = (sa, 58, @, B € Al(sas8)"f =1)

where m,, g is the order of s,s3 in W.

Example
SUppOSG L= {:l:(]-a 0)7 :l:(la l)a :l:(Oa 1)7 i(_lv 1)}
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Coxeter Group

Let > be a root system in V/, and let A be a simple system of ¥. Let W
be the reflection group associated to 2. Then W is generated by simple
reflections in the following way:

W = (sa, 58, @, B € Al(sas8)"f =1)

where m,, g is the order of s,s3 in W.

Example

Suppose ¥ = {£(1,0),£(1,1),£(0,1),+(—1,1)}. Then a simple system
of X is A= {5(1,0), 5(_1,1)}.
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Coxeter Group

Let > be a root system in V/, and let A be a simple system of ¥. Let W
be the reflection group associated to 2. Then W is generated by simple
reflections in the following way:

W = (sa, 58, @, B € Al(sas8)"f =1)

where m,, g is the order of s,s3 in W.

Example

Suppose ¥ = {£(1,0),£(1,1),£(0,1),+(—1,1)}. Then a simple system
of X is A = {s(1,0),5-11)}- Let 1 =(1,0), 2=(-1,1).
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Let > be a root system in V/, and let A be a simple system of ¥. Let W
be the reflection group associated to 2. Then W is generated by simple
reflections in the following way:

W = (sa, 58, @, B € Al(sas8)"f =1)

where m,, g is the order of s,s3 in W.

Example
Suppose ¥ = {£(1,0),£(1,1),£(0,1),+(—1,1)}. Then a simple system
of X is A = {s(1,0),5-11)}- Let 1 =(1,0), 2= (-1,1). Then from our
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Coxeter Group

Theorem

Let > be a root system in V/, and let A be a simple system of ¥. Let W
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Formal Group Law

Let R be a commutative ring.
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Formal Group Law

Definition

Let R be a commutative ring.

Let Fx,y)=x+y+>;; ajx'yl, aj € R, be a formal power series in
variables x and y.
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Formal Group Law

Let R be a commutative ring.

Let F(x,y) =x+y+>.;;a;x'y/, aj € R, be a formal power series in
variables x and y.

(F,R) is a Formal Group Law (FGL) if

1. F(x,0) = F(0,x)
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Formal Group Law

Definition

Let R be a commutative ring.
Let F(x,y) =x—+y+>;;a;x'y, aj € R, be a formal power series in

variables x and y.

(F,R) is a Formal Group Law (FGL) if
1. F(x,0) = F(0,x)
2. F(x,y) = F(y,x)

3. F(F(x,y),z) = F(x,F(y,z))

Notation: F(x,y) =x+fy

Raj Gandhi (University of Ottawa) Twisted Formal Group Algebras August 16, 2017 5/ 20



Formal Group Law

Definition

Let R be a commutative ring.

Let F(x,y) =x+y+>.;;a;x'y/, aj € R, be a formal power series in
variables x and y.

(F,R) is a Formal Group Law (FGL) if

1. F(x,0) = F(0,x)

2. F(x,y) = F(y,x)

3. F(F(x,y),z) = F(x,F(y,z))

Notation: F(x,y) =x+fy

Every FGL has a "formal inverse” denoted —gx with the property
x+f(—fx)=0.
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Let F be the additive FGL. Then

Fx,y)=x+y
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Let F be the additive FGL. Then
F(x,y)=x+y

Here, —px = —x
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Let F be the additive FGL. Then
F(x,y)=x+y

Here, —px = —x

Example
Let (F, R) be the multiplicative FGL, and let 5 € R, 5 # 0. Then

F(x,y) =x+y—fBxy
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Let F be the additive FGL. Then
F(x,y)=x+y

Here, —px = —x

Example
Let (F, R) be the multiplicative FGL, and let 5 € R, 5 # 0. Then

F(x,y) =x+y—fBxy

Here, —px = 729 = —x(1+Bx+(Bx)>+...) = —x — (Bx)?> — (Bx)® — ...

v
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Let (F, R) be the Lorentz FGL, and let 5 € R, 5 # 0. Then

F(x,y) = iy = (x +¥) (1 + (=Bxy) + (=Bxy)* + ...)
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Let (F, R) be the Lorentz FGL, and let 5 € R, 5 # 0. Then

F(x,y) = iy = (x +¥) (1 + (=Bxy) + (=Bxy)* + ...)

Here, —px = —x

Example
Let (F,L) be the universal FGL. Then

F(x,y) :x+y+Z;Ja,-J-x/yf

where the variables aj; are resticted by the associativity and commutativity
of the FGL. They lie in the Lazard ring L.

v
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Formal Group Algebra

Let (F, R) be an FGL, and suppose A is a finite abelian group. Let

R[[xx]] = R[[{xx|A € A}]] be a formal power series over R in variables x
indexed by A € A.
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Formal Group Algebra

Let (F, R) be an FGL, and suppose A is a finite abelian group. Let

R[[xx]] = R[[{xx|A € A}]] be a formal power series over R in variables x
indexed by A € A.

Let Jr be the smallest ideal generated by the elements

Xp and Xap TF Xap — X040
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Formal Group Algebra

Let (F, R) be an FGL, and suppose A is a finite abelian group. Let
R[[xx]] = R[[{xx|A € A}]] be a formal power series over R in variables x
indexed by A € A.

Let Jr be the smallest ideal generated by the elements

Xp and Xap TF Xap — X040

Definition

The quotient is called the Formal Group Ring/Algebra of A with respect
to (F,R):

RIIAlF = RIx\]1/JF
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Twisted Formal Group Algebra

Let X be a finite root system associated with reflection group W. Let A
be a certain abelian group such that ¥ C A.
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Denote by Qr = QRF) the field of fractions generated by R[[A]]f and
{3 tx e A\{0}}.
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Twisted Formal Group Algebra

Let X be a finite root system associated with reflection group W. Let A
be a certain abelian group such that ¥ C A.

Denote by Qr = QRF) the field of fractions generated by R[[A]]f and
{x/\_ll)\ € A\{0}}. W acts on a polynomial f(xu,, ..., Xa,) € QF in the
following way:

W(f (Xays -+ Xan)) = F(Xw(ar)s - Xw(an))
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Twisted Formal Group Algebra

Let X be a finite root system associated with reflection group W. Let A
be a certain abelian group such that ¥ C A.

Denote by QF = Q(FF) the field of fractions generated by R[[A]]r and
{x/\_llx\ € A\{0}}. W acts on a polynomial f(xu,, ..., Xa,) € QF in the
following way:

W(f (Xays -+ Xan)) = F(Xw(ar)s - Xw(an))
Definition

The left R-module Qw = QF ®g R[W] is the Twisted Formal Group
Algebra, with multiplication given by

(Q15W1)(q25W2) = (ql Wl(q2))(5W16W2)

v
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Twisted Formal Group Algebra

Let X be a finite root system associated with reflection group W. Let A
be a certain abelian group such that ¥ C A.

Denote by QF = Q(FF) the field of fractions generated by R[[A]]r and
{x/\_llx\ € A\{0}}. W acts on a polynomial f(xu,, ..., Xa,) € QF in the
following way:

W(f (Xays -+ Xan)) = F(Xw(ar)s - Xw(an))
Definition

The left R-module Qw = QF ®g R[W] is the Twisted Formal Group
Algebra, with multiplication given by

(Q15W1)(q25W2) = (ql Wl(q2))(5W16W2)

Here, g; € QF and d,, denotes an element of Q: it is not the same as
the reflection w;.

v
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Formal Demazure Algebra

Definition

Let « € X. The Formal Demazure Element of o with respect to the
FGL, (F, R), is defined as

XE=(1-10s,)

(0%
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Formal Demazure Algebra

Let « € X. The Formal Demazure Element of o with respect to the
FGL, (F, R), is defined as

Xov
V.

XF=1(1-¢)

(0%

Definition

The Formal Demazure Algebra, D"'/:V, is the R-subalgebra of Qu/
generated by the elements X,.
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Formal Demazure Algebra

Let « € X. The Formal Demazure Element of o with respect to the
FGL, (F, R), is defined as

Xov
V.

XF=1(1-¢)

(0%

Definition

The Formal Demazure Algebra, D"'/:V, is the R-subalgebra of Qu/
generated by the elements X,.

The Formal Affine Demazure Algebra, D\';V, is the R-subalgebra of Qv
generated by R[[A]] and the elements X,
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Question: How can we describe D{j, when W = /»(5) is the dihedral group
of order 5, and F is an arbitrary FGL?

Raj Gandhi (University of Ottawa) Twisted Formal Group Algebras August 16, 2017 11 /20



Question: How can we describe D{j, when W = /»(5) is the dihedral group
of order 5, and F is an arbitrary FGL?

Let X be the root system corresponding to h(5). Fix FGL (F, R).

Raj Gandhi (University of Ottawa)

Twisted Formal Group Algebras

August 16, 2017 11 /20



Question: How can we describe D{j, when W = /»(5) is the dihedral group
of order 5, and F is an arbitrary FGL?
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Question: How can we describe D{j, when W = /»(5) is the dihedral group
of order 5, and F is an arbitrary FGL?

Let X be the root system corresponding to h(5). Fix FGL (F, R).

Notations/Assumptions:

@ For \e ¥, A\==q;forsomei=1,..,5

@ Denote by x_,,;, i =1,...,5, the formal inverse of x,, under (F,R)
@ Denote by a1 and ap our simple roots of X

@ Set Xy, =Xjfori=1,...,5

The following slide shows the positions and labelling of the roots that will
be used from now on.

Raj Gandhi (University of Ottawa) Twisted Formal Group Algebras August 16, 2017 11 /20



Qa3

a1
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Notation: Let s,;, = s; and o; = i.
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Notation: Let s,; = s; and a; = i. The following table represents the
permuatation of roots obtained after applying a reflection of /(5) to the

roots of X

1

51
So -5

512
521
5121
5212
51212
52121
512121

August 16, 2017 13 /20
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Generating D/f(s)

Set SjSk = Sjk- Let Ig(m) = /2(5).

v
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Generating D/f(s)

Theorem
Set SjSk = Sjk- Let Ig(m) = /2(5). Then

Xo1212 — X12121 = (k3, X212 + s12121 (K> o, ) X121) + (K3, X12 +
512121 (k2 o, ) Xo1) + (k2,) Xz + s12121 (KL, ) X1)

where kiaz is obtained from k,;z by applying the map x; — x¢;, and

K3 — 1 _ 1 . 1 4

@2 XagXapXazX(—as)  XagXapXagXas  X(—ap)X(—az)X(—as)X(—as)
XapX(—ag)X(—ag)X(—a5)  XeyXazX(—ag)X(—as)
k2 — _ 1 1 1 1 .
(%) L Xa2x(7a3)x(7a4) xa2xa3xa4 XQQX(,al)X(,D%) XQIXDQX(,O%)
X012X113X(—a5) - Xa2Xa3Xa5
kl — 1 1 _ 1 1 1

QR X(—a3)X(—a4) X(—az)X(—a5) XQIX(_O%) Xy Xap Xz Xag

v
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Generating D/f(s) - Proof

To begin the proof, we will write out explicitly the products of X; and X, ending in X;.
X2 = %(1 — &)
a

X1 X =

02) + 7(512 — 1)

XoXi Xo = Xo( X1 X2) =

1
(Xa1 — + Xazx(7a2)><(7a5))(1 d2) + Xalxoq (512 01) + Xazx%x( - )(521 0212)
Xo X1 X0 X1 X0 = (XgXl)(X2X1X2)

1 1 1

+ + + + +

(X21X<312 Xa1XapX(—ag)X(—as) | X1 N—ap—ag) | KerN—ap)(ag) (1% X(—ag)(—as)

L 1-6
Xorp Xovg Xovs X(— ap) X(— v) )( 2)+
1 1 1 1 S0 —

+(’<041X0¢2X(—al)x(zfou;) + Xay XapXagXagX(—ay) + Xy Xap X~ arg) + XO‘IX“ZX(*az)X(*aA)X(*Qs))( 2
01)+
+ . + ! + : + ! 621 —

(xalxa2xa3X(_a5) xazxé3xa5X(_&5) Xag Xag X(— az)X(— ag)(— o) X“2X°‘3X(fa2)x(2,a5) )( 21
0212)+

1
Xag Xap XazX(—ag)X(—

= (61212 — d121 + 2121 — d21212)
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Let f : Qu(5) — Qy,(5) be a function mapping a polynomial
q(al, w05, —Q, ..., — (05, 51, 52) to q(—al, vy —Q5, Q00 ..., OB, 52, (51).
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Let f : Qu(5) — Qy,(5) be a function mapping a polynomial
q(al, e, 5, — Q14 ..., —Q5, 01, 52) to q(—al, vy —Q5, 1, .evy O, 02, (51). If
si(g(a, d0w)) = q(si(),dw), then one can show, for i = 1,2,3,5, that

Xl... 2512121(f( X2 ))
S—— SN——
i elements i elements
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Let f : Qu(5) — Qy,(5) be a function mapping a polynomial
q(al, e, 5, — Q14 ..., —Q5, 01, 52) to q(—al, vy —Q5, 1, .evy O, 02, (51). If
si(g(a, d0w)) = q(si(),dw), then one can show, for i = 1,2,3,5, that

Xl... 2512121(f( X2 ))
S—— SN——
i elements i elements

The strategy of this proof is to show that Equation 1 holds by a "left side
equals right side” argument:

Xo X1 Xo X1 Xz = +k3,(Xo X1 X2) + K2,(X1 X2) + k2, (X2)
L (—012121 + 01212 + 2121 — 0212 — d121 + 012 + 21 —
01— +1)

Xag Xap Xaz X(—ag)X(—as)
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Let f : Qu(5) — Qy,(5) be a function mapping a polynomial
q(al, e, 5, — Q14 ..., —Q5, 01, 52) to q(—al, vy —Q5, 1, .evy O, 02, (51). If
si(g(a, d0w)) = q(si(),dw), then one can show, for i = 1,2,3,5, that

Xl... 2512121(f( X2 ))
S—— SN——
i elements i elements

The strategy of this proof is to show that Equation 1 holds by a "left side
equals right side” argument:

Xo X1 Xo X1 Xz = +k3,(Xo X1 X2) + K2,(X1 X2) + k2, (X2)
L (—012121 + 01212 + 2121 — 0212 — d121 + 012 + 21 —
01— +1)

Xag Xap Xaz X(—ag)X(—as)

Equation 2 follows by applying s12121 © f to Equation 1:

X1 XoX1XoX1 = +s12121 (K2 o, ) (X1 X2 X1) + s12121 (K2, ) (X2 X1) +
sio121(kt,, ) (X1) + FE T T (—012121 + 61212 + d2121 — 0121 +

—0212 + 021 + 012 — 61 — J2 + 1)
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Let f : Qu(5) — Qy,(5) be a function mapping a polynomial
q(al, e, 5, — Q14 ..., —Q5, 01, 52) to q(—al, vy —Q5, 1, .evy O, 02, (51). If
si(g(a, d0w)) = q(si(),dw), then one can show, for i = 1,2,3,5, that

Xl... 2512121(f( X2 ))
S—— SN——
i elements i elements

The strategy of this proof is to show that Equation 1 holds by a "left side
equals right side” argument:

Xo X1 Xo X1 Xz = +k3,(Xo X1 X2) + K2,(X1 X2) + k2, (X2)
L (—012121 + 01212 + 2121 — 0212 — d121 + 012 + 21 —
01— +1)

Xag Xap Xaz X(—ag)X(—as)

Equation 2 follows by applying s12121 © f to Equation 1:

X1 XoX1XoX1 = +s12121 (K2 o, ) (X1 X2 X1) + s12121 (K2, ) (X2 X1) +
sio121(kt,, ) (X1) + FE T T (—012121 + 61212 + d2121 — 0121 +

—0212 + 021 + 012 — 61 — J2 + 1)

By subtracting Equation 2 from Equation 1, the result follows.
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Special Cases

Let (F, R) be a formal group law in variables xu,, Xa;, i,j = 1,...,5, such
that x_o;, = —Xq;-
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Special Cases

Let (F, R) be a formal group law in variables xu,, Xa;, i,j = 1,...,5, such
that x_o; = —Xq,. Then

k3 — k3 — Xa2xa3xa5+xa3xa4xa5+Xa1Xa2Xa5+Xa1Xa2Xa4+Xa1Xa3Xa4
a1 (&% Xouy Xag Xog Xay Xovg
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Special Cases

Example

Let (F, R) be a formal group law in variables xu,, Xa;, i,j = 1,...,5, such
that x_o; = —Xq,. Then

k3 _ k3 _ Xa2xa3xa5+xa3xa4xa5+Xa1Xa2Xa5+Xa1Xa2Xa4+Xa1Xa3Xa4
a1 a2 Xouy Xag Xog Xay Xovg

K2 =k2, =0
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Special Cases

Example

Let (F, R) be a formal group law in variables xu,, Xa;, i,j = 1,...,5, such
that x_o; = —Xq,. Then

k3 — k3 — Xa2xa3xa5+xa3xa4xa5+Xa1Xa2Xa5+Xa1Xa2Xa4+Xa1Xa3Xa4
aq a2 Xovy Xag Xz Xag Xag

2 _ 2 _
K2, = K2, =0
KLo— gl — _ (xay +Xap +Xa3+Xay +Xas)

a1 a2 Xovy Xag Xz Xy Xag
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Special Cases

Example

Let (F, R) be a formal group law in variables xu,, Xa;, i,j = 1,...,5, such
that x_o; = —Xq,. Then

k3 — k3 — Xa2xa3xa5+xa3xa4xa5+Xa1Xa2Xa5+Xa1Xa2Xa4+Xa1Xa3Xa4
aq a2 Xovy Xag Xz Xag Xag

2 _ 2 _
K2, = K2, =0
KLo— gl — _ (xay +Xap +Xa3+Xay +Xas)

a1 a2 Xovy Xag Xz Xy Xag

Suppose x,; = «; for each i =1,...,5.

Raj Gandhi (University of Ottawa) Twisted Formal Group Algebras August 16, 2017 17 /20



Special Cases

Example

Let (F, R) be a formal group law in variables xu,, Xa;, i,j = 1,...,5, such
that x_o; = —Xq,. Then

k3 — k3 — Xa2xa3xa5+xa3xa4xa5+Xa1Xa2Xa5+Xa1Xa2Xa4+Xa1Xa3Xa4
aq a2 Xovy Xag Xz Xag Xag

2 _ 2 _
K2, = K2, =0
KLo— gl — _ (xay +Xap +Xa3+Xay +Xas)

a1 a2 Xovy Xag Xz Xy Xag

Suppose x,; = o for each i =1,...,5. Then
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Special Cases

Example

Let (F, R) be a formal group law in variables xu,, Xa;, i,j = 1,...,5, such
that x_o; = —Xq,. Then

k3 — k3 — Xa2xa3xa5+xa3xa4xa5+Xa1Xa2Xa5+Xa1Xa2Xa4+Xa1Xa3Xa4
aq a2 Xovy Xag Xz Xag Xag

2 _ 2 _
K2, = K2, =0
KLo— gl — _ (xay +Xap +Xa3+Xay +Xas)

a1 a2 Xovy Xag Xz Xy Xag

Suppose x,; = o for each i =1,...,5. Then

X1 Xo X1 Xo X1 = Xo X1 Xo X1 X2
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Special Cases

Let (F,R) be a formal group law in variables x,,, Xo i,j=1,...,5, such
that x_q, = AX 7 forsome 0 # A€ R.
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Special Cases

Example

Let (F,R) be a formal group law in variables x,,, Xo i,j=1,...,5, such

that x_q, = A 7 for some 0 # A€ R. Then
kc3u = /IgQ =

Xy Xog Xaug Xorg Xevg (XazXagXas (1 — AXay ) + Xag Xas Xas (1 = AXas ) + Xa; XagXas (1 —

AXay ) + Xon Xay Xas (1 — AxXas ) + Xap Xas Xas (1 — AXay ) + 2A2xa1xa2xa3xa4xa5)
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Special Cases

Example

Let (F,R) be a formal group law in variables x,,, Xo i,j=1,...,5, such

that x_q, = A 7 for some 0 # A€ R. Then
kc3u = /IgQ =

Xy Xog Xaug Xorg Xevg (XazXagXas (1 — AXay ) + Xag Xas Xas (1 = AXas ) + Xa; XagXas (1 —

AXay ) + Xon Xay Xas (1 — AxXas ) + Xap Xas Xas (1 — AXay ) + 2A2xa1xa2xa3xa4xa5)

2 _ 2 _
ks, = ks, =0
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Special Cases

Example

Let (F,R) be a formal group law in variables x,,, Xo i,j=1,...,5, such

that x_q, = A 7 for some 0 # A€ R. Then
kc3u = /IgQ =

Xy Xog Xaug Xorg Xevg (XazXagXas (1 — AXay ) + Xag Xas Xas (1 = AXas ) + Xa; XagXas (1 —

AXay ) + Xon Xay Xas (1 — AxXas ) + Xap Xas Xas (1 — AXay ) + 2A2xa1xa2xa3xa4xa5)
kc2¥1 = kgz =0

kl _ kl . _(1—A><0¢5)((l—Axo“‘)((l—Ax%)((1—A><a2)xoq—i—xa2)—|—xo¢3)—l—xoq)—s—xa5

Xorg Xaug Xavg Xory Xaug
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In General

Let I,(m) be the dihedral group of order m.
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In General

Let l(m) be the dihedral group of order m. Let a1 and a be the simple
roots of the corresponding root system.
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In General

Lemma

Let l(m) be the dihedral group of order m. Let a1 and a be the simple
roots of the corresponding root system. Then the formal affine Demazure
Algebra of l(m) is generated over Qr modulo the following relations
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In General

Lemma

Let l(m) be the dihedral group of order m. Let a1 and a be the simple
roots of the corresponding root system. Then the formal affine Demazure
Algebra of l(m) is generated over Qr modulo the following relations

° Xl-2 = KX fori=1,...m, where K = + + L

X; S f
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In General

Let l(m) be the dihedral group of order m. Let a1 and a be the simple
roots of the corresponding root system. Then the formal affine Demazure
Algebra of l(m) is generated over Qr modulo the following relations

°X2 KX; fori =1,. m,WhereK:leL

X; S f

o X1X2...X1 — X2X1 X2 = ZI 1 /i XXk X1 —K,flg Xka...XQ,
—_ \W—’ ~—
m-elements m-elements i-elements i-elements

i i
Koy Ko, € QF.
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In General

Let l(m) be the dihedral group of order m. Let a1 and a be the simple
roots of the corresponding root system. Then the formal affine Demazure
Algebra of l(m) is generated over Qr modulo the following relations

°X2 KX; fori =1,. m,WhereK:leL

X; S f

o X1X2...X1 — X2X1 X2 = ZI 1 /i XXk X1 —K,flg Xka...XQ,
—_ \W—’ ~—
m-elements m-elements i-elements i-elements

Hgl,li(ilz € QF.
Here j =1 and k =2 when i is odd, j = 2 and k =1 when i is even

v
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In General

Let /2(m) be the dihedral group of order m.
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In General

L oji=1,2.
Xoj

Let /r(m) be the dihedral group of order m. Let y,, =
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In General

Let /r(m) be the dihedral group of order m. Let y,, = % i=1,2. We
have an explicit formula for the coefficient K&T_z) from the previous
lemma:

(m-2) _ (m-2)
Fay = YarYao + Son (Yo Yan) + -+ + 50150 - - (YonYan) = Yoo Say ~ (Yan)-
~——
m—2
4
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In General

Theorem

Let /r(m) be the dihedral group of order m. Let y,, = % i=1,2. We

have an explicit formula for the coefficient K&T_z) from the previous

lemma:

K77 = Yoy Yoo + Son (YarYa) + - - F SorSaa - - -(YanYaa) = Yoo S 2 (Ve )-
~—
m—2
R&Z’_Z) is obtained from K&T_2) by switching a1 and as.
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